Comparison of three quadrature rules

Created with Calcpad (https://calcpad.eu)

Test function - f(x)=v1—x’

Theoretical value of the integral - / =—

Number of nodes - n=5

1. Boole’s rule (Newton-Cotes of 4-th order)

(half-circle)

r _ 3.1416

2

Step - h=0.5
Abscissas  Ordinates
x,=-1, y1:f(_1):0
x,=—0.5,  y,=f(-0.5)=0.86603
x;=0, y:=/(0]=1
X4==Xy, V4=V
Xs="Xy, Ys=1
Integral
. _2°h _2:05
Equation - IB—E-(2-7-y1+2-32-y2+12-y3)—f-
_2-05 B
Value - 13—4—5-(2~7-0+2-32~0.86603+12~1)—1.4983
7,—1| |1.4983—1.5708|
Error - gy=rt—1=I= : =4.61%
ror BT 1.5708 °
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=1.5708

(2:7-0+2-32-0.86603+12-1)=1.4983

Page 1 of 5


https://calcpad.eu/

2. Gauss-Legendre formula

Abscissas Ordinates Weights
_ 322—13-v70
v=L542./ 20— 90618, »,=f(x,)=0.42289, w, =222 2= (.23693
3 7 900
— 322+13-4/70
vy=t5—2-/ 2= 053847, .=/ (x,)=0.84265, wy,=—— o =0.47863
3 7 900
128
x,=0 ys=f(x5)=1, ;=0 ==0.56889
X4=—X,, Ya=DXa2, Wy=W,
Xs="X1, YVs=DX1, Ws=Ww,
Integral
Equation - 1,=2- Wi y+2- Wy Y+ Wy y,
Value - 1,=2-0.23693-0.42289+2-0.47863 - 0.84265+0.56889-1=1.5759
174—1| |1.5759—1.5708]|
Error - 0g= 7 - 15708 =0.325%
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3. Double exponential integration (Tanh-Sinh quadrature)

Takahasi n Mori, 1974 [1]

Boundary of the interval -7,=1

2-t .
< :on,s Parameter - t(k)z—ta+(k—1) h

Step - h=
= 175

Function for abscissas - x(k):tanh(%-sinh(t(k)))

he h
Weight function - w(k )= 7 -h-cos (f(k))

2.Cosh(§-sinh(t(k)))2

Abscissas Ordinates Weights
x,=x(1)=-0.95137, y,=f(x,)=0.30806, w,=w(1)=0.11501
x,=x(2)=—0.67427 , y,=f(x,)=0.73848, w,=w(2)=0.48299
x,=x(3)=0, ys=f{x;)=1, w,=w(3)=0.7854
Xy="Xy, Ya=DX2, Wy=W,
Xs=—"Xy, Ys=X1, Ws=w,
Integral
Equation - Lpp=2-w -y, +2- Wy Yyt wy y,
Value - 1,,=2-0.11501-0.30806+2 - 0.48299 -0.73848+0.7854 - 1=1.5696
17,:—1| [1.5696—1.5708]

Error - P— = =0.075%

ror pET ] 1.5708 °
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4. Summary of results
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Conclusion:

Double-exponential integration shows significantly better precision than other methods
for the same number of nodes. The adaptive version is implemented as the default
integration method in Calcpad.
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